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ABSTRACT 
A method of ~tress analysis for problems found in the 
microelectronic industry and, particularly, in integrated 
circuit packaging technology, is presented here. The 
method is applicable for any geometry, for any component 
material selection, and any kind of stress singularity~ 
Plane stress, plane strain, an·d axisymmetric cases have 
been solved as examples. Three different component 
arrangements were considered. 
The first pro-blem investigated is the two-material 
90° wedge. Formulas and correction fac·tors to be used in 
a preliminary design to obtain maximum shear and normal 
stresses along the interface of the two materials were 
calculated. N·umerical values f·or the correction factors 
K 1 , K 2 , and K 3 , were found to be 1.56, 2.02, and 1.74, 
respectively, for txy, ( ox) 1 (material #1), and ( ox) 2 
(mater i a 1 # 2 ) .. A curve fitting technique was developed 
to use finite element results to calculate stress 
intensity factors and singularity strengths. For the 
f i r s t p r o b l em , t h e s t r e s s i n t e n i t y f a c t o r , K , w a s f o u n ct· 
to be 4160 psi(in)A where the stren·gth of the 
singularity, . -A (r ), 1 = 0.17. The results differ from 
the values calculated analytically because of the .coarse 
-1-
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I. INTRODUCTION 
1 . 1 Background 
The electronics industry has many interesting areas 
requiring mechanical engineering design. The problems 
associated with r·esidual stress and thermal stress in 
integrated circuit (IC) components are many. As the 
microelectronic industry evolves, these problems increase 
in complexity and importance. The basic characteristic 
o.f IC packages currently in use and of those yet to be 
developed is that they are assemblages of components of 
d i s s i m i 1 a r m a. t e r i a 1 s. w i t h d i f f .e r e n t t h e r m om e c h a n i c a 1 
properties. These multilayered nonhomogeneous structures 
raise a very challenging and interesting question in 
solid mechan}cs: how does one model and analyze the 
interface between two different materials? 
Problems at the interfaces of differeht IC package 
componsnts and chip carriers on printed circuit 
substrates arise when these are cooled down after 
fabrication or due to temperature fluctu:ations while they 
are in operation. Power cycling (power on/off with or 
without ambient temper.ature cycling) causes temperature 
excursions such as -55 to +125 °c. Large numbers of 
cycles c-1000/year) are not unlikely (Engelmaier (1983)). 
Cyclic strains are induced by in-plane steady-state 
-3-
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expansion -mismatch,···in-plane ·transient ex·pans·ion, and ··by 
thermal gradients producing bending, twisting, etc. 
Steady state strains are the easiest to model and analyze 
and yet can provide enough information to predict 
behavior of the materials at the interface. This thesis 
investigates such strains and .develops finite element 
techniques which ca·n. be use.ct to explore and understand 
the other three categories as well. 
The primary materials which appear in an IC package 
are usually a slice of a single crystal of silicon (Si) 
as the substrate on which are mounted hundreds or 
thousands of circuit elements such as resistors, 
capacitors, a.nd transistors. These are formed on the 
silicon wafer surface with deposition techniques such as 
., 
vacuum evap-oration, sputtering, and chemical-vapor. A 
thin layer (film) of silicon dioxide (Si0 2 ) on the 
surface of the silicon seryes mainly .as an ins.ulator. 
The chip is then bonded to a base substrate and 
interconnected to the appropriate input/output leads of 
the package. The material of the base substrate varies 
with different applic-ations and different manufacturers. 
Ceramic and plastic are the most common with silicon 
carbide (SiC) gaining in use (Kohara et al (1984)). 
The catastrophic effects of residual stresses in 
electronic devices has been very well documended. Many 
-4-
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authors (Barnett (196·6), Engel and Kim (1986)-, Manda .. 
( 1985), Evans and Hutchinson ( 1984), and Hu ( 1979)) have 
p·resented stress calculations for multilayered electronic 
co~ponents. Most of these analyses, though, have been 
based on elementary strength of materials concepts such 
as beam theory and. were proved inadequate to predict t.he 
shear and normal stress magnitudes at the material 
interfaces. Others (Adam.sand Bogy (1976,1977), Comninou 
( 1 9 7 7 ) , Bo g y ( 1 9 7 5 ) , ah d H e i n an. d E r d o g· an. ( 1 9 7 1 ) ). h a v e 
developed analytical methods to calculate the order of 
the stress singularity and its dependence on the elastic 
·constants of the materials involved. Plane strain an-d 
plane stress problems have been considered and t·he 
interface slope and traction have been calculated. All 
of these analytical approaches lead to· very long and 
.. 
tedious work .. They do, however, predict stress 
singularities at the ends of th~ interface between 
materials. 
The problem of bonded semi-infinite elastic strips 
with different material constants and different widths, 
was investigated by Adams & Bogy (1976,1977). The 
results of these papers and many others (Bogy (1968, 
1975)) were tabulated as functions of two parameters a 
and B introduced by Dundurs (1969), 
a = 
( 1-v2 )-(.1.;..v 1 ) 
K(1-v- )+(1-v) 2 1 ' 
-5-
' ' I 
for plane strain and 
1 -2 v 1-2v 2 - 1 
1 - " 2 1 - \) 1 
= a 1 -2 v 1 -2 v 2 + K 
1 - \) 2 1 - \) 
for plane stress, where 
G 1 
K =-G 2 
1 
, ' . ,.... 
. . ' 
1-3v 1-3v K 2 - 1 
1 - \) 1 -v 
8 2 1 -, 1 -2 v 1 -2 v 1 2K 2 + 1 
1- \) 
2 1 - 2 v 1 
and where G is the shear modulus, vis the Poisson's 
ratio, and subscr·ipts 1 and 2 refer to the two different 
materials. 
For some selected composites the strength, A, of the 
.,. 
singularity (r-A) was presented together with shear a·nd 
' 
normal stresses along th·e interface. Bogy and Adams 
(1975,1977) used the same set of cornposit_es for the cases 
of the strip-half-plane solution of materials with the 
same width as well as with different widths. They noted 
that the shear stress was always of the same sign for all 
composites in the case of the two stri·ps with same width 
( Bog y ( 1 9 7 5) ) , but for c o·rn po s i t e st r i p s w i th different 
widths it could be either positive or negative near the 
end of the interface (Adams and Bogy (1977)). From the 
analytical work of many authors (Er.dogan (1966), Luc~s 
and Erdogan (1966), Bogy (1968), and Erdogan and Ozbek 
-6-
( 1 9 6 9 ) ) , 1 t t .~ ·Ob v ! o us t bat .. the s in g u 1 a r it i es at the , 
interface of dissimilar materials can be analyz~d when 
the geometry and boundary conditions of the problem are 
not complicated. 
2.2 Objectives of this research 
The objective of this research was to provide a 
supplement to analytical methods to solve practical IC 
package problems. The goal is to provide a method, based 
on finite element analysis, to utilize the results of 
previous analytical efforts in order to help the 
electronic paqkaging engi.neer to gaih insight into what 
happens in real problems under real loadings. In 
addition, this thesis includes enough fini·te element 
-
algorithms to enable one, with minimum effort, to model 
and analyze any geometry and any combination of 
materials. In particular, this research was directed 
toward the following specific tasks: 
i) For a particular material combination and geometri6 
configuration, a commercial FEA program, ANSYS, was 
used to compute stresses and displacements. Since 
the first model was to serve as the benchmark of 
all subsequent developments, numerous ways of 
meshing and many different outputs were plotted, 
-7-
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compared, and manipulated for correlation (see 
appendix D). 
ii) The seco·n·d phas.e of the work was to devise a design 
tool for computing interface shear stresses in 
thermally mismatched materials. Using fundamentals 
of strength of materials, an approximate formula 
was derived for the interface shear stress as a 
function of the moduli of elasticity of the 
materials iniolved and the geometry of the 
components. The results from FEA were then used to 
calculate corrsction factors to the approximate 
formula for design purposes. Also included an 
ANSYS keystroke file which the design engineer can 
use to investigate any other material and geometry 
combinations with minimum eff·ort (see appendix B). 
iii) The third phase of t.his research was devoted to 
determin.ing the nature of the stress singularity. 
To understand an.ct completely· solve the stress 
. an a 1 y s i s pr ob 1 em , a t e ch n i q u e ·w a s de v e 1 op e d f or 
matching the nu m:e r i ca 1 FE A r es u 1 ts w i th the 
theoretical asymptotic expansions for the purpose 
of cal.culating the stre.ss intensity .factors at the 
corner locations. The model has the capability to 
-8-
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analyze problems CYf plane stress, plane strain, or 
axisymmetry. 
iv) The final phase was to combine the techniques of 
the three previous tasks. Two applications which 
one would face in any IC package design are 
analyzed in appendix C under problem #2 and problem 
#3. The dimensions and the materials used are 
typical co.mponent -arrangements in the 
microelectronic industry. Figure 3 describe-s the 
geometry for the above models and table 3 lists the 
material consta.nts for these two cases. 
·-
-9-
II. FINITE ELEMENT ANALYSIS 
2.1 Definition of the problem 
Two isotropic, homogeneous, elastic, rectangular 
plates of widtht w, characterized by the elastic 
constants, E1 , v1 ~nd E2 , v 2 (figure 1), were considered. 
The two plates of height, h1 and h2 , respecti~ely, with 
thickness, t, were jo~ned at y = O, free of traction on 
x = ± w/2, y = h2 , y = -h 1 . Starting from a uniform 
. 0 
reference temperature of 70 F, the system was heated to a 
uniform temperature of 400°F. The thermal. stresses due 
to the mismatch of the coefficients of thermal expansion 
of the two ~ijterials were investigated~ Two-dimensional 
plane stress, plane strain and. axisymmetric. problems were 
solved. 
,_ 
-, 0-· 
. ' 
• 
f 
2.2 Finite element modeling r 
There are a number of different methods for deriving 
the finite element equations:-
, 
1)Galerkin method This is a subset of the method of 
weighted residuals. It works directly from the 
governing equation. 
2)Rayleigh - Ritz This method makes use of the 
calculus of variations. It requires the existence 
of a variational principle. Sometimes it is 
somewhat difficult to incorporate general types of 
boundary data. 
3)Method of virtual work This,procedure is very 
useful in solid mechanics. 
Any one of the above methods will le.ad eventually to a 
system or equations which in matrix form, in its simplest 
representation, is; 
where 
[K] {u} ={f} 
[K] - global stiffness matrix 
{u} - nodal displacement vector 
{f} - nodal ·force vector 
One or· the most popular and widely used commercial 
FEA ~oftware packages- is ANSYS from Swanson Analysis 
Systems, Inc. For re.asons such as r~li~bility, 
availability, and versatility, this was choosen as the 
-11 -
program,.to .. be. us.ed._ to .. solve t-he problem described -in .. 
section 2 .1. 
Like any modern FEA software package, ANSYS includes 
three modules: 
1) The preprocessor allows the analyst to model the 
part directly at a CRT. An automatic mesh generator is 
t hen us e d t o c r e a t e an e 1 em e n t pat t· er n w h i c h e s t ab 1 i .sh e s 
nodal points at which the results are calculated. The 
material ·properties are added and the boundary conditions 
are applied. 
2. ) T h e s o 1 u t i o n p h a s e i n v o 1 v e s e x t e n s i v e c o m p u t a t i o n 
during which the system of equation·s is solved. 
3) The post processor is capable of displaying 
stresses in contbur plots or printing them in tabulated 
-
form. The plots. are color coded for a c1·ear indication 
of intensity. Deflections or other data can also be 
obtained in the post processing module of ANSYS. 
F o r t h e p r o b 1 em: d e f i n e d e a r 1 i e r , t h e f o 11 o w i n g s t e p s 
are part of the ANSYS modeling procedure: 
Define the type of analysis 
KAN,O defines the analysis to be 
static. In this anal·ysis, temperatute 
loads can be ·d·ef ined for each node or 
read from any temperature data file. 
-l2-
0 
/ . 
Define elements 
ET, .. ,STIF, .• 
STIF=42 
STIF=82 
., .... 
\ 
. ..,/ ' - . 
ANSYS has a very rich library of 
elements to choose from. For the two 
dimensional prob·lem described above, 
STIF=42 or STIF=82. 
is a 2-D isoparametric element. 
It includes in-plane effects only. This 
element can be used either as a biaxial 
plane element (plane stress or plane 
strain) or as an axisymmetric ring 
element. It is de.fined by four nodal 
points having two degrees of freedom at 
each n·od-~, translations in the nodal x 
and y directions .. The geometry, nodal 
po·int locations, face numbers, loading, 
and the coordinate system for this 
element are as shown in figure 4. For 
more information about element types 
refer to the ANSYS User Manual volumes I 
and II. 
is a 2-D isoparametric element defined 
by 8 nodal points. It is a higher order 
version of the 4 noded 2-D isoparametric 
element (STIF=42). See fig·ure 5. 
-13-
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Element material properties 
-·· -· .... --- •-·-· --~ •••. - ··-··· ........... : ... ·._-:·· •. :., ••• · ........ ·,·"!"'- -~ ..... ' 
The isotropic, homogeneous, elastic constants of the 
materials selected were: 
EX,1 ,50E06 
NUXY, 1 , 0. 3 
DENS, 1 , 3 • 6 E-0 4 
ALPX,1,3E-06 
ma t e r i a 1 /11 , i s a 
with Young's Modulus (EX) of 
50*10 6 psi, density (DENS) of 
2 
3·. 6 *1. 0-4 lb*sec , Poisson's ratio 
. 4 1n 
(NUXY) of 0.3, and coefficient of 
thermal expansion (ALPX) of 3.0*10 6 
in/in/°F. 
EX,2,29E06 material #2, is a stainless steel alloy 
NUXY,2,0.3 AISI type 405 (Ponker (1967)) with 
DENS,2,7.25E-04 Young's modulus of 29*10 6 psi, density 
ALPX,2,6.0E-06 
of 1.25•10-\lb~s:c
2
, Poisson's ratio 
1n 
of 0.3, and coefficient of thermal 
e~pansion 6.0*10- 6 in/in/°F. 
Element physical properties. 
The two types of elements considered for this 
modelling, STIF42/STIF82, required· thic:kness t·o be 
specified only in the case of plane stress. 
'· 
-14-
·, 
R,2,1.0 .. specifies thickness of 1.0 in. 
Temperature loading 
TREF,70 The model w~s heated to a 
TUNIF,400 uniform temperature bf 4oo°F, 
KTEMP,O f f t t f 7.o oF·. rom a re erence empera ure o 
The command. KT.EMP, O assigns every node 
0 the temperature of 400 F. 
Dimensions and symmetry 
Since the model was heated to a uniform temperature 
and its geometry, as shown in figure 1, was symmetric 
about x = 0, half of the model was ·Used for the analysis. 
The number of terms in the stiffness matrix is reduc·ed by 
75% if only half the model is used. This means that the 
half model uses about 25% of the tifue which a full model 
would use for processing. Along x = O, the boundary 
con.ditions due to sy~metry were Ux - O and 1 
. xy - O· - . ; an.ct 
at x = 0,. y = -h 1 , the node was constrained in both 
directions to eliminate any· rigid bo.dy motion. 
The dimen·sions of the model analyzed were (se.e fig 1) 
w - 0.59 inches 
h 1 - 0.04 inches 
h 2 = 0.25 inches 
t - 1 • 0 in ch es 
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.. Unless other_numerical values are .specif 1.e.d,.. _ANSYS _ 
uses the isotropic behavior, 
EY = EZ = EX 
ALPY = ALPZ = ALPX 
NUXZ = NUYZ - NUXY = 0.3 
GXZ = GYZ = GXY 
GXY EX - 2 ( 1 +NUXY) 
For a quick reference to the different models studied, 
see tables 2 and 3. 
2.3 Numerical Results and Discussion 
The problem of the t~o-material plate, as defined in 
section 2.1 and modeled as described above, was solved 
for plane stress, plane strain, and axisymmetric cases. 
For reasons of comparison and to study convergen·ce, 
various models were analyzed., either with different 
element typ-es or with different mesh pa.tterns. Table 2 
gives a very brief descr·iption of these models and a list 
of the figures in appendix D to which to refer for the 
results. Table 1 gi.ves a v·ery brief description o.f the 
models discussed in detail. 
Figure 6 shows the two materials (lower and upper) as 
two different areas before meshing the model 
(plate1.f16). Figure 7 shows the element mesh. The 
• 
"'-
dis placements Ux, Uy along the x and y directions 
-16~ 
respectively.of the_points.on.the interfac.e of the two 
materials (y = 0), are plotted ln figures 9 and 10. 
Figure 8 shows the deformed geometry of the plate after 
being thermally loaded. 
Plane stress results The maximum displacement in the 
-4 
x direction was calculated to be equal to 42*10 inches 
at the free edge (x ~ + w/2). A nearly linear variation 
,.... 
~ 
of Ux was obtained along the interface as depicted in the 
figure 9. 
They displacement (Uy) at points on the interface is 
maximum positive (upward) Uy= 6.0*10- 5 inches at x ~ D 
(axis of sym.metry), and maximum negative (downward) 
Uy = 1.4*10"'" 4 inches at x = w/2. The transition from 
-positive to negative y· displacement. occured 0.131 inches 
(0.55w/2) from the axis of symmetry. The variation of Uy 
was found to be approximate.ly of parabolic shape asCshown 
in f.igure 10. 
The stress in they direction (Sy) as well as the 
shear stress (Sxy) on the interface are plotted together 
in figure 11. A fortran computer program was develop~d 
to read formatted files of· data for Sx, Sy and Sxy 
obtained from ANSYS and to plot them against their 
locations. Figure 11 shows the distribution of the above 
..,. 
stress components along the interface line. The shear 
s tr es s ( S x y ) r each es a max i mu~ o.f 7 O 1 O p s i a t t h e fr e e 
, 
" 
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edge (x = w/2 = 0.29 inches). The increase in Sxy as the 
stress singularity (free edge) is approached is clearly 
depicted in this graph. The results of this analysis 
• 
were of the same form as similar analyses by Hein and 
Erdogan (1971), Bogy (1975), Theocaris and Gdoutos 
(1976), and Adams and Bogy (1976,1977) who worked 
analytically. 
With a more refined mesh (model dio.f16) around the 
stress singularity region; Sxy increases to a maximum of 
13000 psi at the free edge. Yet a· very distinct turn of 
the curve towards zero to meet the boundary condition 
(Sxy = 0 at x = w/2), was interestirtg to note. It is 
clear that a higher density of element mesh around the 
singular area could give more reliable results and a 
better understanding of the stress behavior. For more 
i n f o r m a t i o n s e e f i g u r e s D 9 a n. d D 1 O i n a p p e n d i x D • 
The stress in they direction (Sy), as shown in 
figure 13, is very low (about -1000 psi) in the center of 
the interface. r·t was of interest to see a very rapid 
incre~se from about -1·200 psi to a maximum of 5300 psi 
between x = 0.20 (0.69w/2) and x = 0.25 (0.86w/2). This 
was very important because Sy is very critical in cases 
of delamination of the two materials and crack 
p r o p a g a t i o n . Th e r e f o r e , i t s ho u 1 ct· b e k e p t a t t h e 1 o w e s t 
possible value. The refined mesh of model DI0.F16 (see 
figures D9 and D10, Ap~D) did not show appreciable 
-18-
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differences except that Sy at x = w/2 reached a maximum 
value of -8800 psi. In a problem in which the materials 
cool down from 400 °F to room temperature, the signs of 
the stresses are teversed. The stress Sy, is then 
tensile and delamination is possible. Obviously Sy is 
very sensitive to mesh size ·ve.ry close to the free .edge 
at the interface of the two materials. Since finite 
elemen.t analyses may be inacurate very close to this 
region, a better, refined mesh is clearly necessary for 
reliable results. 
The stress, Sx, is discontinuous accross the 
·interface. Therefore, in order to understand its 
behavior, the stress values for mterial 111 one node 
below the int~rface were compared w-ftli'\those of material 
#2 one node above the interface, see figure 12 and 
figure 15. As expected, material #1 was under tension 
and material #2 under compression since a 1< a 2 • Material 
#1 developed +23500 _psi on the axis of symmetry, while 
material #2 developed a value of -1~000 psi on the axis 
of symm·etry. The s·tresses Sy and Sxy were also plotted 
for these nodes. See figures 1·3 to 17 for these results. 
In order to see how the stresses vary away from the 
region of singularity, plots of their distribution at 
different cross sections of the media are shown· in 
figures 18 to 29. 
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Plane strain results For the plane strain analysis 
the maximum shear stress Sxy is 13800 psi, and the 
maximum normal stress Sy is 6800 psi. Figures 30 and 31 
show the distribution of these sttesses on the interface. 
Material #1 developed 33600 psi stress (Sx) 1 ·on the axis 
_, 
of symmetry, while material #2 developed a value 
of -21600 psi on the atis of symmetry. 
Axisymmetric results The solution of the 
axisymmetric problem provided information about the 
radial stress (Sx), axial stress (Sy), in-plane shear 
stress (Sxy) and hoop stress (Sz). Numerical values of 
the above stresses along the interface are plott~d in 
figures. 32 and 33. The maximum in plane shear stress, 
13900 psi1 occured at the free edge along the interface 
-
line. A maximum hoop stress of 23500 psi and a maximum 
axial stress of 6800 psi was also found. Also for 
material /i1 the radial stress (Sx) 1 is 32700 psi on the 
axis of symmetry. For material #2 the r~dial stress 
(Sx) 2 is -22200 psi on the axis of symmetry. The results 
near the singularity need a firter mesh for better 
results. 
Keystroke files for ANSYS input were also developed. 
Th_ese can be used. to change the dimensions and the 
material properties and to recornptite stresses for any 
desir·ed material and geometry combination. For more 
-20-
details see appendix B. Also included in appendix Bare 
ANSYS keystroke input files for the two problems shown in 
figure 3. These files can be modified for quick modeling 
and analyzing of any combination of materials and 
dimensions of the same arrangement. 
Some of th.e results of problem /12 and problem 113 of 
figure 3, obtained using the keystroke files presented in 
appendix B, are described in appendix C.· 
. .,. 
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.. _ II.I A. DESIGN. TO.OL FO.R .COMPUTING INTERFACE SHEAR STRESSES 
IN THERMALLY MISMATCHED MATERIALS 
f 
3.1 Description of the method 
When t~o materials with different mechanical and 
thermal properties are bonded together and subjected to 
thermal loading, singularities and irregularities in the 
stress distribution arise along their interface. 
The objective of the following proceedure is to 
provid·e a simple and practical method for the electronic 
package designer to make reliable e·stimates of the 
thermal stresses induced at the· joint region of two 
materials. In other words, a tool to be used for the 
pr~liminary design stage is developed. This tool 
consists .of a·n equation fo:r calcuiating nominal stress 
values t.o be multiplied by a stress correction factor 
obtained from the finite element results. 
3.2 Formulation of the problem 
From basic strength of materials, the thermal strain 
is defined as:· 
t = a(T-Tref) 
which is related to the deformation by 
e: = 
-22-
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.Co.nsi.de-r t.he. tw9 plates .o.f. the geomet.ry and .e-1.ast.ic. 
constants as described in section 2.1 and shown in 
figure 1. The t.wo plate·s have the same t.hickness t and 
the same width w. If the temperature is raised from a 
reference (Tref) to a uniform (T) temperature (same for 
both materials), the thermal strains from the expansion 
mismat-ch creates-hear stresses along the interface. For 
illustration, let the coefficient of thermal expansion of 
material Ill be smaller than- that of material 112. Then 
material #1 will also be under tension and material #2 
under c.ompression. 
Assume also that the shear stress tis linearly 
distributed along the interface line and consider only 
half of the model because of the geometric and loading 
-
symmetry. The stresses are then distributed as shown in 
figure 2. Note that any curvature produced must be so 
small that bend_ing of the plates can be ignored. 
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3.3 Reduction to nominal stress equations·, 
Consider plate 111 as 
shown on the right. If the 
shear stress is assumed to be 
linearly varying, then 
equilibrium implies 
w 
a - t 
nom nom 4h. 1 
(3.3.l) 
From similar triartgles the 
following relation can be 
written: 
2x (3.3.2) t = t 
nom w 
Take a section along A-A at 
any location x between zero 
·and w / 2. For eq·uilLbriu-m of 
the portion to the left of 
section A-A, 
(o. -o)*h *t 
n om · 1 1 
t·her ef ore, 
a = a 
· nom 
1/2*-r*x*t 
t*X 
2*h 1 
.Y 
1 
2 
[ 1 - 4 ; ] 
w 
A 
er 
(3.3.3) 
The change of the widths of the plates due to thermal 
strains and internal stresses can be calculated; 
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-Z:hom 
w/2J 
0 
o /E 1 dx (3.3.4) 
and 
(3.3.5) 
Equating tw 1 and ~w 2 , since the materials are bonded, th
e 
f 11 . t . f. ( no rn ). d ( . n.o m ) 
·o. owing equa ions or 1nom' ox 1 , an .. ox 2 are 
derived, as shown in appendix A: 
-
1.5*6T*(a 2-a 1 )*E 1*Ca 
E h 
[ 1 + 1 1 ] 
E2 h2 
1.5*6T*(a 2 -a 1 )*E,*h 1 
. E 1 h 1 
h2[ 1 +E h ] 
· 2 2 
(3.3.6) 
(3.3.7) 
(3.3.8) 
where· C is a factor to correct for the fact that 
a 
ncm 
a is 
X 
not uniformly distributed across the height, h. 
A • 
. . . 
. . . 3.4 Calculation of .correction factors 
', '+ - .. . .• ' \., ' • .I ... 
Equations 3.3.6, 3.3.7, and 3.3.8 give approximate 
{nominal) values of the shear and normal stresses. If 
K1 , K2 , and K3 are the corresponding correction factors, 
the actual maximum shear and normal stresses can be 
expressed as 
T 
max T . nom 
nom 
K2(ox ·), 
(3.4.l) 
(3.4.2) 
(3 .• 4.3) 
For the bimaterial problem defined in section 2.1, 
-
h 2 
w 
C 
a 
- 3.0*10- 6in/in/F 
- 6.0*10- 6 in/iri/F' 
- 5·0*1·.0 6 
- psi 
- 29*10 6 psi 
= 0.04 in 
- 0.25 in 
= 0.2·9 ·in 
= 1 /5 
I.. 
.... " . ·- .. .. .. 
. t he v a l u e s .. _ of .t he n am 1 n ·al . s t r e s s e s a r e ... .,. .. . .... .. .. . ... .. · , .... . . _ .. 
= 6420 psi 
(o nom) 11· 640 · = psi 
X 1 
The actual maximum SXY value, as comput~d by ANSYS_, is 
... . 
10000 psi. Therefore, 
also, 
and so 
sx 1 - 23500 psi 
sx 2 - -16200 psi 
= 2.02 
K 3 = 1 • 7 4 
'· 
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· ···-·~- • -n··· · ...... ~. ~····rv STRESS' sr-NGULARITIES' AND FRACTURE MEClfAN!C~·'-·~~, ........ -r ........ , .. .,, ~'I .,, ,.,_ ... ' - .. _ ... ,.. 
4.1 Using finite elements with singularities 
Many investigations have been conducted regarding 
stress singular1t·1es in bimaterial wedges, for instance 
see Erdogan and Ozbek (1969), Bogy (1975), Adams and Bogy 
(1976,1977), Keer and Chantaramungkorn (1978) and others 
(see reference list). On these papers, exact solutions 
are obtained for the problem of the two materials bonded 
together as shown in figure 1 (two material wedge). It 
is extremely difficult to extract numerical values of 
stresses from the analytical results. Furthermore, the· 
results are valid only for plane stress and plane strain. 
For axisymmetric problems, the complete eigenfunction 
analyses would need to be repeated. And even then, 
obtaining useful results, other than the order of the 
singularity, would be extremely difficult. Since 
practic.al problems in IC packaging may also re.quire three 
dimensional solutions-, it is prudent to develop 
alternative methods. The approach, described below, 
·using finite element methods can be applied to any 
geometr:y, wh.ether plane stress, plane strai-n, 
axisymmetric, or three dimensional. 
In addition to a straight forward finite element 
.analysis, it is necessary to have some information on the 
nature of the stress singular·ities. For the most direct 
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a pp r· o a c h ·, · t h a s ·t r e s s · s 1 n g u 1 a r 1 t y · a: t · t he · ... c o r n e r· · w l'f ~ t ~ · · t l'l ~ ··" ·· · ··· · · · ·- 1 • • ' - .. • ... · · 
interface of the two materials meets the free edge is 
-A 
taken to be of the form Kr , where r is the distance 
from the corner. This result holds for corner angles 
with several combinations of boundary conditions. The 
magnitude of the constant, A, controls the degree of the 
stress singularity along the material interface of th.e 
mathematical model. Following the solution of the 
eigenproblem, many 9f the above authors have determined 
analytically the value ·of A. But, using the new method, 
. . 
it can be obtained directly from the numerical results at 
the same time that the stress intensity factor, K, is 
determined. 
The need to fully u.nderstand the nature of the stress 
singulari.ty so that reliable predictions can be made 
regard i.ng the fa i 1 ur e mode of IC package components, for 
any geometric arrangement and loading, makes it necessary 
to develop easier and equally accurate procedures. 
Finite element analysis is a very attractive numerical 
analysis technique, which allows handling of any comp.lex 
geometrical shape and any loading, including axisymmetric 
and three dimensional~ An engineer experienced with 
finit~ element analysis· could model and analyze even the 
,,; .. 
most complex 2-D or 3-D problems. 
,_ 
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computation of stress intensity factors and the strength 
of the singularities of a model from finite element 
results. 
As is clearly shown in the literature, the stress 
state around singular points is of the form 
From Hein a-nd Erdogan (1971), the strength of the stress 
singularity (l} in bimaterial wedges was found to be the 
real part of an eigenvalue that gives the strongest 
singular stress behavior as r approaches zero. Stresses 
are of the above form only for very small values of r. 
On the other hand, finite element results converge to the 
_,. 
exact solution away from the singularity. This makes it 
necessary to extrapolate the analytical results from the 
sirtgularity to match the FEA results. 
4.2 Computation of stress intensity factors for 
singularities 
The technique of le·ast squares curve fitting was 
adapted to calculate the coefficients in the expression, 
(4.2.1) 
Taking the natural logarithm o·f equation (4.2.1), 
ln(o .. ) = ln(K)-;\ ln(r) lJ. . (4.2.2) 
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Y = ln(oij) 
b = ln(K) 
m = -l 
X = ln(r) 
equation (4.2.2) becomes 
Y ( X) = mX + b 
.. , " II i •· : ~ • ~ ( . , ' ".-, '• ""'l, I • • __ .., • 
(4.2.3) 
(4.2 •. 4) 
and ordinary linear least squares curve fitting can be 
applied. 
A FORTRAN computer program was developed to group the 
data of a .. along the interface of the bimaterial plate lJ 
.. 
into groups of five to ten. By checking each group of 
points for the root~mean-square error after fitting a 
... 
straight. lirte through ~he data, the points giving the 
smallest error were found. Kand l were then obtained 
from the corresponding parameters, m and b, according to 
equation (4.2.3). 
4.3 Results of matching singularities 
The FORTRAN algorithm deve·loped was used to ·calculate 
t h e s i n g u 1 a r i t y ( l ) a n d s t r e s .s i' n t e n s i t y f a c t o r ( K ) , f o r 
the bi-material plate problem (section 2.1). The ANSYS 
model was used and the results obtained are shown in 
table 4. The mesh of the above model was a vety coarse 
one and the shear stress (Sxy) wa"'S'" used. Figure 11 shows 
-31-
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tabl-e 4, the number of nodal values for each group of 
data considered is listed. The total number of nodes on 
the interface for the abov·e model was twenty six (26)~ 
According to Hein & Erdogan (1971), for v1 = v2 = 0.3 
a n d E 1 / E 2 = O • 5 8 ., A = O • O 7 • S i n c e t he v a 1 u e c 1 o s e s t t o 
this is 0.35 (see table 4), it is obvious that the form 
-A 
a .. =Kr is valid only very close to the singularity. 
lJ 
Table 5 shows the results of Kand A calculated using a 
more refined FEA mesh. From table 5 it is clear that a 
finer mesh around the area of the ·singularity increases 
the accuracy of the results. 
A rapid drop from 0~35 to 0.13 in the value of A by just 
increasing the number of elements around the singular 
region, shows that .an even ·riner mesh could imp.rove the 
accuracy appreciably. 
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In the preceding sections, a method of solution of 
problems in the microelectronic industry involving bonded 
materials together with stress singularities has been 
presented. 
The first pa-rt of this research set ·up an ANSYS FEA 
model of the existing physic~l problem and obtained nodal 
stresses and displacements. Three different geo·metry and 
material configurations with three different types of 
singularities have be~n considered. A section of this 
task was to develop three ANSYS keystroke fil-es which are 
presented in appendix B. These files provide the 
component and material set up for problems #1, #2 and #3, 
.... 
for which this research obtained solutions. One can edit 
these files following the instructions provided and 
.obtain FEA solutions for· .any similar geometry and 
material combin~tion. 
The second p~rt of this research provided a formula 
to use in th~ preliminar·y design of such integrated 
circuit packaging problems. Correction factor-shave been 
calculated for the two-material 90° wedge problem. The 
formulas which have been developed in this section are 
based on ve.ry elementary concepts of stress analysis, and 
many assumptions ·had to be made in order to simplify the 
'· 
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series of combinations of materials and geometries, the 
calculated correction factors are extensively tabulated. 
The third area of this research used a curve fitting 
technique to calculate stress intensity factors and 
singularity strengths directly from FEA results. The 
solution of problem #1 by ANSYS FEA p.rovided stresses 
along the interface of the two different material 
components. The FORTRAN algorithm developed used the FEA 
data and searched for the best fit of the form, 
-,\ 
a .. = K r • lJ 
Using the keystroke files developed in part 1, one 
can carry out a series of analyses to obtain the effect 
.,., 
of varying the thickness of the components and of using 
a'lternative materials. There are many arrangements of 
co~ponents in integrated circuit packaging and many 
combinations of new m·aterials to be investigated. This 
research provides a complete methodology to solve them, 
despite their geometrical or material complexity. 
It is apparent from the results in section 4.2 that 
an error in calculating the strength of singularity (A) 
numerically can induce an indefinite error in the stres.s 
intensity factor. To avoid this~ one can use known 
values of A and calculate just the stress intensity 
'. 
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more accurate value of K. 
A better approach, which ls somewhat more difficult 
to implement, is to embed th~ singular behavior of the 
stress into a finite e·lement and have the finite element 
. . 
method directly calculate stre.ss intensity factors at the 
s i n g.u 1 a r r e g i on . 
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No Model Elem 
file name .. STIF 
1 plate1.f16 1'2 
2 pstr-n.f16 82 
3 axis.f16 82 
Analysis 
type 
plane stress 
plane strai·n 
axisymmetric 
Comments 
bias towards interface 
See figures 1,6,7,8 
no bias 
See figures 30,31 
nob.fas 
See figures 32,33 
MODELS DISCUSSED IN DETAIL IN SECTION 2.3 
TABLE 1 
-69--
No Model 
file name 
Elem 
STIF 
1 PLATE3.F16 63 
2 PLATE4.F16 63 
3 CHIP.Fl6 63 
4 PLATE5.F16 63 
5 ENA.f16 82 
6 DIO.F16 82 
7 TRIA.F16 82 
Analysis 
type 
plane stress 
plane stre.ss 
plane stress 
plane stress 
plane stress 
plane stress 
plane stress 
-
Comments 
Triangular mesh, 
results are 
unreliable, see, 
1 figures D1, D2 ,App.D 
Triangular mesh. 
Results are 
unreliable, see 
figures 03, D4 1 , App.D 
Bias of 0.5 towards 
singularity. See 
figure D5, App.D 
Crack at point of 
singularity 
See figure D.6, App.D 
Bias of 0.5 at point 
of singularity/ 
figures D7, D8, 
App.D 
R e f i n e d me sh. a r o u n d 
the singularity area, 
figures D9, D10, App.D 
Bias of 0.25 towards 
singularity, see 
figures 
1 1 1 D 1 1 , D 1 2 · , D 1 3 , App . D 
BRIEF DESCRIPTION OF VARIOUS OTHER MODELS FOR THE 
BI-MATERIAL 90° WEDGE 
1. plots are for DIST - r = 
TABLE 2 
(w/2)-x 
-10-
( 0.0 S X ~ w/2) 
-.~ 
MAT II NAME PROPERTIES 
111 hard plastic E 30.0E05 • - psi 
\) - 0.3 (assumed) -
lb*sec 2 1. 87E-4 p -
4 • 1n 
(l - 8,87E-4 in/in/F 112 copper layer E - 16E06 psi 
\) 
- 0.3 (assumed) 
lb*sec 2 8.37E-4 p - 4 . 1n 
(l - 9.lE-6 in/in/F II 3 silicon E 1. 6E06 . - psi 
\) - 0. 3 (assumed) 
lb*sec 2 2.617E-4 p -
4 .I 
• 1n 
(l - 17.75E-7 in/in/F ti l.l ceramic ( A 1 2 o.·3 ) E - 50E06 psi -
\) 
- 0.3 
lb*sec 2 3.627E-4 p - 4 in 
a - 3. o·E~ 6 in/in/F 115 ..... glass E 10E06 . - psi 
\) 
- 0. 1 7 
lb*sec 2 2.059E-4 p - 4 in 
a - 0.16E~7 in/in/F 116 silicon E 1 • 6 E O 6 . - psi 
\) 
- 0.3 (assumed) 
lb*sec 2 2.617E-4 p . . -
4 . 
1n 
a - 17.75E-7 in/irt/F 
Material properties for the component materials 
of figure 3 
TABLE 3 
No. 
Points 
5 
8 
1 2 
1 5 
20 
23 
• I 
RMS 
error 
0.008 
0.04 
0. 1 0 
0. 1 8 
0. 3.5 
0.53 
K 
1730 
1 310 
110 
57 
168 
164 
0.353 
0.437 
1 • 9 7 
1 • 7 5 
1 • 1 4 
1 • O 7 8 
Stress intensity factor (K) an.ct singularity st-rength (l) 
calculated using a coarse FEA mesh for problem 111 
TABLE 4 
·-12-
No. 
Points 
5 
8 
1 0 
1 2 
RMS 
error 
0.0001 
·O. 0008 
0.002 
0.003 
0.005 
K 
1490 
5320 
3980 
4160 
.. 
0.42 
0. 1 3 
o. 18 
0. 1 7 
0. 1 6 
Stress intensity factor (K) and singularity strength (A) 
calculated using a refined FEA mesh fat problem #1 
TABLE 5 
·-73-
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APPENDIX A 
This appendix includes some additional details of the 
derivations of the equations for T. , (on.om) 1 , and nom x 
(o:om) 2 , used in chapter III. See also figures 1 & 2. 
'· 
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, l 
Working out the integrations in equation (3-.3.4), 
w/2f Aw 1 = a 1 J AT+ 0 a/E dx 
using equation (3.3.3), gives 
w . . w/2J 
Aw = a ~ l!!T + • 
· 1 1 2 .0 
l 
nom 
E 4h [ l -1 
or 
T w w 
Aw w !!! T + nom [~ - a, - --1 2 E 4 h1 2 
A _w AT + 
l w 
uW = a u 1 1 2 
nom 
Similarly, 
equating Aw 1 and Aw 2 , 
t 
nom 
6 
Hence, 
"[ 
nom 
[ 
w w ] + 
E1h1 E2h2 
-
2 
AT (a 2 
E 1 h 1 
4 (w/2) 3 
2 3 w 
- al) 
] 
nom From equation 3.3.1 in section 3.3, (ox ) 1 for plate 111 
is, cJ 
·-
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• 
1 
= ~ 
2 
Therefore, from the equation for T , 
nom 
3 AT (a2 - a 1 ) E1 ( o;om) 1 -
E1 h1 
2 [ ] + 
E2 h2 
and, for plate #2t 
3 8T (a2 - a,) E1 h1 ( nom) 
. a ·2 --X . 
E1 h1 
2 h2 [ 1 + J E2 h2 
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APPENDIX B 
This appendix contains ANSYS keystroke files for 
problem #1, probl~m #2, and problem 13. They may be 
edited and used with a /INPUT command in ANSYS to obtain 
numerical results for other cases. The results obtaine·d 
using these files are to be found in FILE12. An example 
of how to use ANSYS post processor commands to plot or 
print stresses or displacements stored in FILE12 is also 
included in this appendix. 
-
-11-
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- ~ ' ;'·, . .. . 
' .. ~ 
Keystroke File for Problem #1 
/com, This is a keystroke file developed so that the 
/com, solution for any materials and dimensions of the 
/com, two-material 90° wedge problem can be obtained by 
/com, editing the file and then using it as the /INPUT 
/com, file within ANSYS. 
/com 
*start with preprocessor module /prep7 
/title,MODEL 
kan,O 
*SET,W,0.29 
*SET,H1,0.04 
*SET,H2,0.25 
*SET,STIF,82 
*SET,TYPE,3 
/STIF82/plane stress 
/com, 
I com, 
/com, 
/com, . 
*SET,EX1 ,50.E06 
*SET,EX2,29.E06 
*SET,PR1 ,0.3 
*SET,PR2,0.3 
*SET, R01, 3. 627E-04 
*SET,R02,7.255E-04 
*SET, TC E 1 , 3 . 0-E -0 6 
*SET,TCE2,6.0E-06 
*SET,REA1,0.1 
*SET,REA2,0.1 
*SET,REFT,70 
*SET,UNIT,400 
/com, 
*set type of analysis(structural) 
*set width of plates 
*set height of material #1(lower) 
*set height of material #2(upper) 
*choose type of element for mesh 
*assign type of analysis: 
plane stress (unit thickness) -0 
axisymmetric -1 
plane strain -2 
plane stress (specify thick.) -3 
*assign E value for material #1 
*assign E value for material #2 
*assign v value for material #1 
*assign v value for material #2 
*assign densi~y for material #1 
*assign density for material #2 
*assign thermal coefficients of 
*expansion for materials #1 & #2 
*assign thickness {only for plane 
* s t r e s s - 3 ) f o r m· a t e r i a 1 s /11 & /I 2· 
*set reference temperature 
*set a uniform final temperature 
./ CO m , • • • • • • • . . • •.. • • • • • . • • • • • • • • • . • • • • •. • • • • • • • • • • • • • • • • • • • 
/com, 
/com, 
E·nd of user input. No changes 
are necessary beyond this point. 
I c o·m , . . . . . . . . . . . . . . . • . . . • . . . . . . . • . . . . . . . . . . . • . . . . • . . . • . . 
/com, 
et,1,S'l'If,, ,TYPE 
/com, 
ex,1,EX1 
n U X y , 1 ,. P R 1 
dens,1,R01 
r,l,REA1 
alpx,1,TCE1 
/com, 
et ,2,STIF,, ,TYPE 
ex,2,EX2 
nuxy,2,PR2 
dens,2,R02 
*·define element type for 
ma t e r i a 1 /11 
*Young's modulus for material #1 
*Poisson's ratio for material #1 
*density for material #1 
*material #1 thickness 
*thermal coef. of expana. for 
ma t e r i a 1 111 
*material #2 element type 
*material #2. Young's modulus 
*material #2 Poi~son's ratio 
*mat er i al 112 dens'~y 
"\ 
""~ 
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alpx,2,TCE2 
/com, 
R,2,REA2 
tref,REFT 
tunif,UNIT 
ktemp,O 
*thermal coef. of expans. for 
material 112 
*material #2 thickness 
*set reference temperature 
*set uniform temperature 
*set all nodal temperatures to 
tunif /com, 
/com, 
/com, 
/com, 
the following commands create points, lines, areas, 
and automaticly mesh the model 
points. 
k, 1 , 0 
k,2,LENG,O 
k,3,LENG,H1 
k,4,0,H1 
k,5,LENG,H1+H2 
k,6,0,H1+H2 
/com, 
L,1,2,25 
L,2,3,8, 
L,4,3,25 
L,1,4,8 
L,5,3,15 
L,6,5,25 
L,4,6,15 
/com, 
a,1,2,3,4 
a , ·4 , 3 , 5, 6 
mat,1 
type, 1 
real,1 
ame.sh, 1 
m.at , 2 
type,2 
real,2 
amesh,2 
nrsel,x,O 
/com·, 
symbc,0,0 
nrsel,y,O,O 
d,all,uy,O 
nall 
eall 
afwrite 
finish 
/EXEC 
/INPUT,27 
FINISH 
lines 
areas 
*material #1 for area #1 
G *material #2 for area #2 
*define symmetry conditions 
for x = O 
*write analysis file, FILE27 
*input FILE27, create FILE12 
/com, After the above file hs been run the solution 
/com, results are located in FILE12. Use· it for 
/com, post processing. 
·-
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Keystroke File for Problem #2 
/com, This is a keystroke file developed for the 
/com, geometry and material arrangement as shown in 
/com, figure 3. Editing the input parameters (*set,) one 
/com, can analyze and obtain solutions of the same 
/com, problem configuration, but with different 
/com, dimensions, materials, and different temperatures. 
/com, As in the previous keystroke file for problem #1, 
/com, one needs only to input this file to ANSYS with a 
/com, /INPUT command. 
/prep7 
/title,problem#2 
kan,O 
(STIF.82,PLANE STRESS) 
*set, LEN1, 0. 220 
*set,LEN2,0.200 
*set ,H1, 0. 005 
*set,H2,0.01575 
*set,H3,0.07078 
*set,H4,0.1 
*set,H5,H4+H1 
*set,STIF,82 
*set,TYPE,3 
/com, 
/com, 
I c o.rn, 
/com, .,.. 
*set , EX 1 , 3 O. o 4 e o 5 
*set,EX2,16.00e06 
* s e t ., EX 3 , 1 . 6 O O e O· 6 
*set,PR1,0.3 
*set,PR2,0.3 
*set,PR3,0.3 
* s e t , R O 1 ,. 1 • 8 7 0 e - 0 4 
*set,R02,8.470e-04 
*set,R03,2.617e-04 
*set, TCE1, 8. 870e-04 
*set,TCE2,9.100e-06 
*set, TCE3, 1. 775e-06 
*set , RE A 1 , 1 
*set,REA2,1 
*set,REA3,1 
*set,REFT,70 
*set,UNIT,-135 
!com 
*set type of analysis, structural 
*set lengths and heights of 
*components as shown in 
*figure 3 
*define height h5 
*set type of element: 
plane stress (unit thickness) -0 
axisymmetric -1 
plane strain -2 
plane stress (specify thick.) -3 
*set Young's modulus 
*for material tl1, 112, 
* and ti 3 
*set Poisson's ratio 
*for material #1, #2 
*·an.ct # 3 
*set material densities 
*for material 111, #2 
*and material 113 
*set thermal coefficients 
*of expansion for material #1 
* #2 and material #3 
*set thickness fo.r material #1 
*mat e;r.i al 112 
*and material 113 
*set reference temperature 
*set uniform temperature 
/ c om , . . . . . . . . . . . . . • . . . . . . . . . .. . . . . . . . . . . . . . . . . • . . . . . • . . . . . .-, 
End of user input. No changes are necessary 
com, beyond this point. 
I com, .........•..•..•........... ·· · · · · · ·· · · · · · · · · · · · · · · · · 
et., 1, STIF,,, TYPE 
/com, 
*define element type for 
ma t e r i a 1 11 ·1 
-80- · 
ex, 1 , EX 1 
nuxy, 1, PR1 
dens,1 ,R01 
alpx, 1, TCE1 
/com, 
r,1,REA1 
et ,2,STIF,, ,TYPE 
ex,2,EX2 
nuxy,2,PR2 
dens,2,R02 
alpx,2,TCE2 
/com, 
r,2,REA2 
et,3,STIF,, ,TYPE 
ex,3,EX3 
nuxy, 1 , PR3 
dens, 1, R03 
alpx,3,TCE3 
/com, 
r,1,REA3 
tref,REFT 
tunif,UNIT 
ktemp,O 
/com, 
. 
*Young's modulus for material #1 
*Poisson's ratio for material #1 
*density for material #1 
*thermal coef. of expans. for 
material 111 
*material #1 thickness 
*material #2 element type 
*material #2 Young's modulus 
*material #2 Poisson's ratio 
*material #2 density 
*thermal coef. of expans. for 
material 112 
*material #2 thickness 
*material #3 element type 
*material -#3 Young's modulus 
*material #3 Poisson's ratio 
*material #3 density 
*thermal· coef. of expans. for 
material 113 
*material #3 thickness 
*set reference temperature 
*set uniform temperature 
*set all.nodal temperatures to 
tunif 
/com, create model geometry and mesh 
/com, points 
k, 1 , 0 
k,2,LEN2,0 
k,3,LEN1,0 
k,4,LEN1,H4 
k,5,LEN2,h4 
k,6,0,H4 
k,7,0,H1+H4 
k,8,LEN2,H1+H4 
k,9,LEN1 ,H1 +H4 
k,10,LEN1 ,H5+H2 
k, 11,LEN2,H5+H2 
k,12,0,H5+H2 
k,13,0.,H5+H3 
k , 1 4 , L E N 2 , H 5 + H-3 
k, 15,LEN1 ,H5+H3 
/corn, 
L, 1,2,9 
L,2,3,1 
L., 3 , 4 , 4 
L,4,5,1 
L,5,2,4 
L,5,6,9 
L,1,6,4 
L,6,7,2 
L,7,8,9 
L_, 5, 8, .2 
lines 
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L,8,9,1 
L,9,4,2 
L,9,10,3 
L,10,11,1 
L,11,8,3 
L,11,12,9 
L,12,7,3 
L,13,12,4 
L,13,14,9 
L,14,11,4 
L,14,15,1 
L,15,10,4 
/com, 
a,1,2,5,6 
a,2,3,4,5 
a,6,5,8,7 
a,5,14,9,8 
a,7,8,11,12 
a,8,9,10,11 
a,12,11,14,13 
a,11,10,15,14 
mat,1 
type, 1 
real.1 
amesh, 1 
amesh,2 
mat,2 
type,2 
real,2 
amesh,3 
amesh,4 
mat,3 
type,3 
real,3 
amesh,5 
mat,1 
type, 1 
real,1 
amesh,6 
amesh,7 
amesh,8 
nrsel,x,O 
/com, 
symbc,0,0 
nrsel,y,O,O 
d,all,uy,O 
nall 
eall 
afwrite 
finish 
/exec 
/input,27 
' I 
areas 
*material #1 for areas 1, 2 
*material #2 for areas 3,4 
*material 13 for area 5 
*ma t e r i a 1 fl 1 f o r a r e as 6 , 7 , 8 
*define symmetry condition 
for x = O 
*write analysis file, FILE27 
*input FILE27, cre~te FILE12 
-82-
finish 
/com, After the above file has been run, the solution 
/com, results are to be·round in the FILE12. 
/com, Use it for post processing. 
L 
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Keystroke File for Problem #3 
/com, 
/com, 
/com, 
/com, 
/com, 
/com, 
This keystroke file is similar to the one developed 
for problem #2. For the geometry and material 
arrangement for this problem see figure 3 and read 
table 3. The ANSYS commands are similar to those 
in the previous examples, therefore refer to the 
previous pages for details. 
/com, 
/prep7 
/title,MODEL 
kan,O 
(STIF.82,PLANE STRESS) 
*set, LEN1, 0. 220 
*set,LEN2,0.200 
*set,H1,0.10 
*set,H2,0.02 
*set,H3,0.02 
*SET,H4,H2+H3 
*set,STIF,82 
/com, 
*set,TYPE,3 
/com, 
/com, 
*set,EX1 ,50.0E06 
* s e t , EX 2 , 1 0 • 0 .E O 6 
*set,EX3,1.60E06 
*set,PR1,0.30 
*·set , PR 2 , 0 • 1 7 
*set,PR3,0.30 
*set,R01,3.627E-04 
*set,R02,2.059E-04 
*set,R03,2.617E-04 
*set, TCE1, 3. OOE-06 
/com, 
*set,TCE2,0.160E-06 
/corn, 
*set ,TCE3, 1.775E-06 
/com, 
*set , RE A 1 , 1 
*set,REA2,1 
*set,REA3,1 
*set,REFT,70 
*set,UNIT,-135 
/com, 
*structural analysis module 
*set dimensions 
*plane strain, 2-d multi-node 
isoparametric element 
*set type of analysis (3 for 
plane stress with specified 
thickness) 
*Young's modulus for material 
*Young's modulus for material 
*Young's mo·dulus for material 
*Poisson's ratio for material 
*Poisson's ratio for material 
*Poisson's ratio for material 
* d e n s i t y .f o r m a t e r i a 1 /11 . 
*density for material 112 
*density for material #3 
*the r:m a 1 co e f • of exp ans . for 
mat e r i a 1 II 1 
*thermal coef. of expans. for 
material #2 
*thermal coef. of expans. for 
material 113 
*material #1 thickness 
*mat.erial #2 thichnes·s 
*material lt'3 thicknes·s 
*set reference temperattire 
*set unifofm temperature 
ti 1 
II 2 
113 
II 1 
112 
113 
I c om ., .• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
/com, 
/com, 
End of user input. No changes are necessary 
beyond this point. 
I com, •••••••••••••••••••••••••••••••••••••••••••••••••• 
/corn, 
et, 1, STIF,,, TYPE 
ex , 1 , EX 1 
nuxy, 1, PR1 
*material #1 element type 
' 
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dens, 1 , RO 1 
alpx, 1, TCE1 
r,1,REA1 
et,2,STIF,,,TYPE 
ex,2,EX2 
nuxy,2,PR2 
dens,2,R02 
alpx,2,TCE2 
r,2,REA2 
et,3,STIF,, ,TYPE 
ex,3,EX3 
nuxy,3,PR3 
dens,3,R03 
alpx,3,TCE3 
r,3,REA3 
tref,REFT 
tunif,UNIT 
ktemp,O 
*material #2 element type 
*material 13 element type 
*temperatures 
*set all nodal temperatures to 
tunif /com, 
/com, 
/com, 
k, 1 , 0 
Create model geometry and generate me.sh 
points 
k,2,LEN1 ,0 
k,3,LEN1 ,H1 
k,4,LEN2,H1 
k,5,LEN2,0 
-
k,6,0,H1 
k,7,0,H1+H2 
k,8,LEN2,H1+H2 
k,9,0,H1+H4 
k, 10,LEN2,H1 +H4 
/com, 
L,1,5,10 
L,5,2,10 
L,3,4,10, .5 
L,6,4,10,.5 
L,5,4,5,.5 
L,2,3,5 
L,1,6,5 
L,6,7,2 
L,8,4,2 
L,7,8,10,.5 
L,10,8,3,.5 
L,7,9,3 
/com, 
a,1,5,4,6 
a,5,2,3,4 
a,6,4,8,7 
a,7,8,10,9 
mat,1 
type, 1 
real,1 
lines 
areas 
. . 
*material 11 for ~r~as 1·, 2 
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amesh, 1 
amesh,2 
mat,2 
type,2 
real,2 
amesh,3 
mat,3 
type,3 
real,3 
amesh, 4 
nrsel ,x,O 
/com, 
symbc,0,0 
nrsel,y,O,O 
d,all,uy,O 
nall 
eall 
afwrite 
finish 
/exec 
• ' • I ' ' 
*material #2 for area 3 
*material #3 for area 4 
*define symmetry conditions 
for x = 0 
*write analysis file, FILE27 
/in_put,27 *input FILE27, create FILE12 
finish 
/com, After the above file has been run, the solution /com, results are to be found in FILEl2. 
/com, Use it for post processing. 
-
I 
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Example of Post Processing 
The following are some commands which can be used in 
the post processing ANSYS module to plot or print the 
results obtained after running the previous keystroke 
files. 
/post1 
/set,1,1 
/show,9600,4115 
/com, 
/com, 
/com, 
*These commands must be issued 
*before any processing can take 
*place. They define the post 
processing module, the data 
set to be read from FILE12, and 
the terminal type. 
I c om , . . . • . . . . . . • . • . • . . . . . . . • . . . . . . . . .. . . . . . . . • . . .• . . . .. . . . . 
/com, 
plelem 
pldispl 
plnstr,sxy 
/com, 
prnstr,sxy 
plnstr,sy 
prnstr,sy 
plnstr,sx 
prnstr,sx 
/corn, 
plnstr,sz 
prnstr,sz 
.... 
*Plots the undeformed model 
*Plots the deformed model. 
*Plots the shear stress as 
contours. 
*Prints nodal shear stresses. 
*plots the normal stress, Sy. 
*prints nodal stresses, Sy. 
*'plots the normal stress, Sx. 
*prints nodal stresses, Sx. 
(axisymmetric case). 
*plots the hoop stress, Sz~ 
*prints the hoop stress, Sz. 
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APPENDIX C 
Figures C1 to C20 show plots of normal and shear 
stresses on the interfaces of different material 
components for problem #2 and problem 13. Material and 
··~ 
geometry arrangement for these problems is shown in 
figure 3. Table 3 tabulates the material properties. 
In both problems the components were cooled uniformly 
. 0 .· from a reference temperatur·e of 70 F to a temperature of 
-135° F. 
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APPENDIX D 
\ 
Figures D1 to D13 show plots of normal and shear 
stresses on the interface of the two materials for the 
bi-material 90° wedge problem. These results are 
extracted from models with different FEA mesh size and 
shape. See also table 2 for a brief description of these 
models. 
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